
DEF/NABLE CARDINALITY

Alexander S. Kechris

Caltech

4th European Set Theory

Colloquium

September 21, 2023



In thistalk I will discuss the

conceptof definable cardinality for
subset and quotientspaces of the

reals (or any
Polish space) and

compare itwith the classical notion

ofcardinality.
To keep things simple, I will

assume here that definable means

Bovel (definables

Let'sconsider first Bovel set

XY in Polish spaces. Then X,Y have

the same cordinality
IX=1Y



if there is a bijection f:x>Y.

Since we are in the category

of definablecet, itisnatural to

also consider definable bijections.

we say that X,Y have thesame

Bovelcordinality

/Xi =1Yis,
iftherea Bovel Gijectionfix*Y

By classicalfactthese notions

coincide:

/X=(y) if(X) =1$1.
Thesituation though is

aramatically differentwhen we

study definable quotientspaces



NE,where X is a Polish space

and E a Bovel equivalence relation.

Since the case of countable X is trivial,

I will assume from now on that X

isuncountable (thus IX=2) and,
to keep things focused, I will
consider the case where E is

countable, i.e,every E-class is

countable. We say intincase hat

En a CBER.

There isa greatnumber of

importantCBERs appearing in many
areas of mathematics, for example:
· Turing or arithmetical equivalence
on 2I,



·Equalitymod finite in 0(N),
· isomorphism of ofa groups of

finiterank (i.e.,ubgroups

of (RY,H, forcome n),

· orbitequivalence relation induced

↳ Bovel action ofa countable

group on a polish space

IInfactly a theorem ofFeldman-
Moore all CBERs can be generated

inthisway.)
Given two CBE quotients

XIE, YE, we say on usual that

they have the same cardinality
IXE)=Yf!



ifthere isa bijection:f:NEM

we say thatXIE,YI have
the

came Bovel cardinality
INEls =IEB:

If there isa bijection 8:NETYE,
which has a Bowel lifting

f*=X-Y (ie, xEyE8*(Ffy)
and f(CXZE)=[8*PT.Similarlywe
define the order

IXEls = I/EB0
ifthereinsuch an injection
f=Ne >- XIA-

Now itisclear that all NIE,
E a CBER, have the same cardina -
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of cardinalityof such quotient spaces

isan unispiring dot:

· IXE=2

Thisuses crucially AMand itis

a very crudeway
to measure the

size of such quotientspaces, as it

does nottake into accountthe

structure ofEitself.For example,

do we really think thatthere are

as many Turing degrees as set

of intergen mode finite or thatall

the orbit spaces ofactions ofIF2

have the same size on theabit

spaces of actions of I?



Itturns outthat studying the

wecardinalityof quotientsby
cites reveals a deep and complex

structure.

To discuss this, letme first

discard a trivial case:the CBtsE

thatadmita Bovel selector-also

called smooth. For those trivially

MEli= /NE1=2". So from now

on all CBEs will be non-smooth.

Here then isa rough

picture of definable cardinalities,

IEls GN CBERE:



In universal
⑧

-

definable
classical

⑧ cardinality
cardinality

~

↑

⑧hyperfinite

·There is a smallestcardinalityco,
which isthatof IElis with

E hyperfinite - so all hyperfinite

quotientspaces have the same

definable cardinality (Dougherty-

Jackson-K). Typical examples are



&(N)/bin,24shift, of the of
rank 1.

· There isa largestcardinality

%0 (DJK), typical examples ofwhich

are 2F2/shift (DJK), arithmetical

equivalence (Slaman-steel).
· CoCo (follows from classical

ergodic theory

· There is a vastnumber (2"many)

of intermediate cardinalities
Co-Co

including many incomparable ones
(Adams-K).Typical examples are

many
orbitequivalence relations of

free Bove actions of countable



groups, including the free actions

ofnon-amenablegroups that

admitan invariantBodprobability

measure, for example the free part

ofthe shiftaction of Be on2/2,

ismorphism of thegroups of

finite rank 1 (Hirth, S. Thomass.

I would like todiscuss

nextsome importantmethodological

points:

A These results about the

definable cardinalitystructure of

YE, Ia CBE, have beenproved

using me flockof ergodic theory.



By contrast generically all

cistavehyperfinite, so on comeager

sets theirquotientspaces ↳are

the same definable cardinalityco

CAjort-K).
Therefore:

B. Ithas been amajoropen

problem to findpavely set
theoreticmethods to prove such

results.

2 There are importantrigidity

phenomena thatunderlicmany

of these result. For example,
under certain circumstances, if

Entheorbitequivalence relation



induced by a Bovel actionof a

countable group, Hen IXIEIs
"remembers"a lotaboutthegroup.

For instance, iffor a set

ofoddprimes'swe let

Hi =(s(4/2x42) +x
and Es isthe equivalence relation

induced by the shift action of

As on 2ts, restricted toitsfree
part, Men

IXEst*(YEN SET
CAjork-1). -
For another such situation,

IfEnis the isomorphism relation



ofIfa groups ofrank n, ten

IXEn lisremember :

IEnl/Eml,nam

IS.Thomas)In particular, for
4-2

co</NEnl <r-
D As seen above:

itshould he emphasized here

thatthe existence of intermediate

a incomparable cordinalities isnot

due to the constructionof artificial

or pathological counterexamples

(compare this with incomparable

r.e. degrees)butreflects structural

difference of natural and important
examples.



And let me finish by mentioning
a few majoropen problems

that have been open for decades:

1 Whatisthe definable

cardinalitycip of the setof

Turing degrees. His known that

↳

(Slaman-steel) butwhether

Lip =c isunknown (this

would contradict Martin's

conjecture on functions on

Turing degrees).

2 Let E be the orbitequivalence

relation givenly a Bowel action



of an amenable group. Is

IEs =20i., isE hyserfinite?

(B.Weiss).
3 LetE,Ez... Ge

hyperfinite CBERs. *hm IXEnsto.
LetE=UnEn. Is INEB =to?

4I FEE and IFs= in
is ittrue that (NET2?CHjorth)
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